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Abstract
The existence of a recurrent spinor field on a pseudo-Riemannian spin manifold (M,g)
is closely related to the existence of a parallel 1-dimensional complex subbundle of the
spinor bundle of (M,g). We characterize the following simply connected pseudo-Riemannian
manifolds admitting such subbundles in terms of their holonomy algebras: Riemannian
manifolds; Lorentzian manifolds; pseudo-Riemannian manifolds with irreducible holonomy
algebras; pseudo-Riemannian manifolds of neutral signature admitting two complemen-
tary parallel isotropic distributions.
Keywords: Pseudo-Riemannian manifold, recurrent spinor field, holonomy algebra.
1 introduction
Let (M, g) be a pseudo-Riemannian spin manifold of signature (r, s) and S the corresponding
complex spinor bundle with the induced connection ∇S. A spinor field s ∈ Γ(S) is called
recurrent if
∇SXs = θ(X)s (1)
for all vector fields X ∈ Γ(TM), here θ is a complex-valued 1-form. If θ = 0, then s is a parallel
spinor field. For a recurrent spinor field s there exist locally defined non-vanishing function f
such that fs is parallel if and only if dθ = 0. If M is simply connected, then such function
exists globally.
The study of Riemannian spin manifolds carrying parallel spinor fields was initiated by N.Hitchin
[1], and then by Th. Friedrich [2]. M.Wang characterized simply connected Riemannian spin
manifolds admitting parallel spinor field in terms of their holonomy groups [3]. A similar re-
sult was obtained by Th. Leistner for Lorentzian manifolds [4, 5], by H.Baum and I.Kath for
pseudo-Riemannian manifolds with irreducible holonomy groups [6], and by A. Ikemakhen in the
case of pseudo-Riemannian manifolds of neutral signature (n, n) admitting two complementary
parallel isotropic distributions [7].
In [2], Th. Friedrich considered Equation (1) on a Riemannian spin manifold with θ being a
real-valued 1-form. He proved that this equation implies that the Ricci tensor is zero and
dθ = 0. Below we will see that this statement does not hold for Lorentzian manifolds. Example
1
1 from [2] provides a solution s to (1) with θ = iω, dω 6= 0 for a real-valued 1-form ω on the
compact Riemannian manifold (M, g) being the product of the non-flat torus T 2 and the circle
S1. In fact the recurrent spinor field s comes from a locally defined recurrent spinor field on
the non-Ricci-flat Ka¨hler manifold T 2 existing by Theorem 1 below.
The spinor bundle S of (M, g) admits a parallel 1-dimensional complex subbundle if and only
if (M, g) admits non-vanishing recurrent spinor fields in a neighborhood of each point such
that these fields are proportional on the intersections of the domains of their definitions. In
the present paper we study some classes of pseudo-Riemannian manifolds (M, g) whose spinor
bundles admit parallel 1-dimensional complex subbundles.
In Section 3 we prove that if the spinor bundle of a locally indecomposable Riemannian spin
manifold (M, g) admits a parallel 1-dimensional complex subbundle, then either (M, g) is a
non-Ricci-flat Ka¨hlerian manifold, or it admits a non-zero parallel spinor field. Moreover, the
spinor bundle of any locally indecomposable non-Ricci-flat Ka¨hlerian spin manifold admits
exactly two parallel 1-dimensional complex subbundles. Next, any simply connected complete
Riemannian spin manifold with not irreducible holonomy algebra whose spinor bundle S admits
a parallel 1-dimensional complex subbundle and does not admit any non-zero parallel spinor
field is a product of a non-Ricci flat Ka¨hlerian spin manifold and of a Riemannian spin manifold
admitting a parallel spinor field.
In Section 4 we prove that the spinor bundle of an n+ 2-dimensional simply connected locally
indecomposable Lorentzian spin manifold (M, g) admits a parallel 1-dimensional complex sub-
bundle if and only if (M, g) admits a parallel distribution of isotropic lines, i.e. its holonomy
algebra g is contained in the parabolic subalgebra
sim(n) = (R⊕ so(n))⋉ Rn ⊂ so(1, n+ 1),
and the subalgebra h = prso(n)g ⊂ so(n) preserves a 1-dimensional complex subspace in the
spinor module ∆n.
In Section 5 for pseudo-Riemannian spin manifolds with irreducible holonomy algebras we prove
the same statements as for locally indecomposable Riemannian manifolds in Section 3.
In Section 6 we prove that the spinor bundle of any simply connected pseudo-Riemannian spin
manifold of neutral signature (n, n), admitting two complementary parallel isotropic distribu-
tions, admits a parallel 1-dimensional complex subbundle.
In Section 7 we discuss the relation between recurrent spinor fields and parallel spinor fields of
spinC-bundles that has been studied by A.Moroianu [8] and A. Ikemakhen [9, 10].
Acknowledgments. The author is thankful to Helga Baum for proposing this problem and the
discussions on this topic.
2 Preliminaries
Spinor representations. Let us fix some standard denotation. Let Rr,s be a pseudo-Euclidean
space with the metric g of signature (r, s) (r denotes the number of minuses). Let (Clr,s, ·) be
2
the corresponding Clifford algebra and Clr,s = Clr,s⊗C be its complexification. The last algebra
can be represented as an matrix algebra in the following way. Consider the basis(
u(ǫ) =
√
2
2
(
1
−ǫi
)
, ǫ = ±1
)
of C2. Define the following isomorphisms of C2:
E = id, T =
(
0 −i
i 0
)
, U =
(
i 0
0 −i
)
, V =
(
0 i
i 0
)
.
It holds
T 2 = −V 2 = −U2 = E, UT = −iV, V T = iU, UV = −iT,
Tu(ǫ) = −ǫu(ǫ), Uu(ǫ) = iu(−ǫ), Tu(ǫ) = ǫu(−ǫ).
Let n = r+s. A basis e1, ..., en of R
r,s is called orthonormal if g(ei, ej) = kiδij , where ki = −1 if
1 ≤ i ≤ r, and ki = 1 if r+ 1 ≤ i ≤ n. Let us fix such basis. For an integer m denote by C(m)
the algebra of the complex square matrices of order m. Define the following isomorphisms:
1) if n is even, then define Φr,s : Clr,s → C
(
2
n
2
)
by
Φr,s(e2k−1) = τ2k−1E ⊗ · · · ⊗ E ⊗ U ⊗ T ⊗ · · · ⊗ T︸ ︷︷ ︸
(k−1)−times
, (2)
Φr,s(e2k) = τ2kE ⊗ · · · ⊗E ⊗ V ⊗ T ⊗ · · · ⊗ T︸ ︷︷ ︸
(k−1)−times
, (3)
where 1 ≤ k ≤ n
2
, τi = i if 1 ≤ i ≤ r, and τi = 1 if r + 1 ≤ i ≤ n;
2) if n is odd, then define Φr,s : Clr,s → C
(
2
n−1
2
)
⊕ C
(
2
n−1
2
)
by
Φr,s(ek) = (Φr,s−1(ek),Φr,s−1(ek)), k = 1, ..., n− 1,
Φr,s(en) = (T ⊗ · · · ⊗ T,−iT ⊗ · · · ⊗ T ).
The obtained representation space ∆r,s = C
2[
n
2 ] is called the spinor module. We write A · s =
Φr,s(A)s for all A ∈ Clr,s, s ∈ ∆r,s. We will consider the following basis of ∆r,s:
(u(ǫk, ..., ǫ1) = u(ǫk)⊗ · · · ⊗ u(ǫ1)|ǫi = ±1).
Recall that the Lie algebra spin(r, s) of the Lie group Spin(r, s) can be embedded into Clr,s in
the following way:
spin(r, s) = span{ei · ej |1 ≤ i < j ≤ n}.
The Lie algebra so(r, s) can be identified with the space of bivectors Λ2Rr,s in such a way that
(x ∧ y)z = g(x, z)y − g(y, z)x, x, y, z ∈ Rr,s.
There is the isomorphism
λ∗ : so(r, s)→ spin(r, s), λ∗(x ∧ y) = x · y.
3
The obtained representation of so(r, s) in ∆r,s is irreducible if n is odd, and this representation
splits into the direct some of two irreducible modules
∆±r,s = span{u(ǫk, ..., ǫ1)|ǫ1 = · · · = ǫk = ±1}
if n is even.
Holonomy algebras. Let (M, g) be a pseudo-Riemannian manifold of signature (r, s) and ∇
the Levi-Civita connection on (M, g). Fix a point x ∈ M . The tangent space TxM can be
identified with the pseudo-Euclidean space Rr,s. Then the holonomy algebra hx ⊂ so(TxM, gx)
(i.e. the Lie algebra of the holonomy group) of (M, g) at the point x is identified with a
subalgebra h ⊂ so(r, s). IfM is simply connected, then the holonomy algebra and the holonomy
group unequally define each other, and we prefer to speak about the holonomy algebra. If (M, g)
is a spin manifold, then it admits a spinor bundle S. The fiber Sx can be identified with the
spinor module ∆r,s. The Levi-Civita connection ∇ defines a connection ∇S on the spinor bundle
S. The holonomy algebra of this connection coincides with λ∗(h) ⊂ spin(r, s). The fundamental
property of the holonomy algebra says that if (M, g) is simply connected, then (M, g) admits
a parallel vector field (spinor, distribution, and so on) if and only if h annihilates a vector in
Rr,s (annihilates a spinor in ∆r,s, preserves a vector subspace in R
r,s, and so on).
3 Riemannian manifolds
Theorem 1 Let (M, g) be a locally indecomposable n-dimensional simply connected Rieman-
nian spin manifold. Then its spinor bundle S admits a parallel 1-dimensional complex subbundle
if and only if either the holonomy algebra h ⊂ so(n) of (M, g) is one of u(n
2
), su(n
2
), sp(n
4
),
G2 ⊂ so(7), spin(7) ⊂ so(8), or (M, g) is a locally symmetric Ka¨hlerian manifold.
Proof. Recall that S admits a parallel 1-dimensional complex subbundle if and only if the
holonomy algebra h ⊂ so(n) preserves a 1-dimensional complex subspace l of the spinor module
∆n. If h annihilates l, then (M, g) admits a non-zero parallel spinor field, and h is one of su(
n
2
),
sp(n
4
), G2, spin(7) [3]. Suppose that h does not annihilate l. Since h ⊂ so(n), it is a compact
Lie algebra. It is clear that the only compact Lie algebra admitting a non-trivial exact 2-
dimensional real representation is so(2). This shows that h contains a 1-dimensional center,
consequently, h is contained in u(n
2
), i.e. (M, g) is Ka¨hlerian. Since su(n
2
) annihilates two
complex 1-dimensional subspaces of ∆n, u(
n
2
) preserves these two subspaces and it does not
annihilate them. This shows that the spinor bundle S of a Ka¨hlerian manifold admits at least
two parallel 1-dimensional complex subbundles. And it admits exactly two such subbundles if
h = u(n
2
). 
Corollary 1 Let (M, g) be a simply connected Riemannian spin manifold with irreducible
holonomy algebra and without non-zero parallel spinor fields. Then the spinor bundle S ad-
mits a parallel 1-dimensional complex subbundle if and only if (M, g) is a Ka¨hlerian manifold
and it is not Ricci-flat.
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Proof. The corollary follows from the fact that simply connected Riemannian manifolds with
the holonomy algebras su(n
2
), sp(n
4
), G2, spin(7) do admit non-zero parallel spinor fields. 
Corollary 2 Let (M, g) be a simply connected complete Riemannian spin manifold without
non-zero parallel spinor fields and with not irreducible holonomy algebra. Then its spinor bundle
S admits a parallel 1-dimensional complex subbundle if and only if (M, g) is a direct product of
a Ka¨hlerian not Ricci-flat spin manifold and of a Riemannian spin manifold with a non-zero
parallel spinor field.
Proof. By the de Rham Theorem, (M, g) can be decomposed as a direct product of indecom-
posable simply connected complete Riemannian manifolds and, probably, of a flat Riemannian
manifold, see e.g. [11]. The Riemannian manifolds in this decomposition are automatically
spin, and the spinor bundle S of (M, g) admits a parallel 1-dimensional complex subbundle if
and only if this is the case for each manifold in the decomposition. 
Theorem 2 Let (M, g) be a locally indecomposable n-dimensional simply connected non-Ricci-
flat Ka¨hlerian spin manifold. Then its spinor bundle S admits exactly two parallel 1-dimensional
complex subbundles.
This theorem will follow from a more general Theorem 7 that will be proved below.
4 Lorentzian manifolds
In this section we consider Lorentzian manifolds (M, g), i.e. pseudo-Riemannian manifolds of
signature (1, n+1), n ≥ 0. Holonomy algebras of Lorentzian spin manifold admitting non-zero
parallel spinor fields are classified in [4, 5]. We suppose now that the spinor bundle of (M, g)
admits a parallel 1-dimensional complex subbundle and (M, g) does not admit any parallel
spinor.
Theorem 3 Let (M, g) be a simply connected complete Lorentzian spin manifold. Suppose
that (M, g) does not admit a parallel spinor. Then its spinor bundle S admits a parallel 1-
dimensional complex subbundle if and only if one of the following conditions holds:
1) (M, g) is a direct product of (R,−(dt)2) and of a Riemannian spin manifold (N, h) such
that the spinor bundle of (N, h) admits a parallel 1-dimensional complex subbundle and
(N, h) does not admit any non-zero parallel spinor field;
2) (M, g) is a direct product of an indecomposable Lorentzian spin manifold and of Rieman-
nian spin manifold (N, h) such that the spinor bundles of both manifolds admit parallel
1-dimensional complex subbundles and at least one of these manifolds does not admit any
non-zero parallel spinor field.
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Proof. The proof of this theorem follows directly from the Wu decomposition Theorem, the
proof of a similar statement can be found in [4, 5]. 
Note that if (M, g) admits a parallel spinor field, then it satisfies the analog of Theorem 3 with
(N, h) admitting a parallel spinor field [4, 5].
Now we may consider locally indecomposable Lorentzian manifolds (M, g). Suppose that the
spinor bundle of (M, g) admits a parallel 1-dimensional complex subbundle l. Let s ∈ Γ(l) be
a local non-vanishing section of l. Let p ∈ Γ(TM) be its Dirac current. Recall that p is defined
from the equality
g(p,X) = − < X · s, s >,
where <,> is a Hermition product on S. We claim that p is a recurrent vector field. Indeed,
following the computations from [5], for any vector fields X and Y we get
g(∇Y p,X) = Y (g(p,X))− g(p,∇YX) = −(Y (< X · s, s >)− < ∇YX · s, s >)
= −(< ∇YX · s, s > + < X · ∇SY s, s > + < X · s,∇SY s > − < ∇YX · s, s >)
= −(θ(Y ) + θ(Y )) < X · s, s >= (θ(Y ) + θ(Y ))g(p,X).
We obtain
∇Y p = 2Re(θ)(Y )p. (4)
Recall that in the Lorentzian signature the Dirac current satisfies g(p, p) ≤ 0 and the zeros of
p coincide with the zeros of s. Since s is non-vanishing and p is recurrent, we see that either
g(p, p) < 0, or g(p, p) = 0. In the first case the manifold is decomposable. Thus we get that
p is an isotropic recurrent vector field. We conclude that (M, g) admits a parallel distribution
of isotropic lines. The holonomy algebras of such manifolds are classified [12, 13, 14, 11]. We
recall this classification now.
Let (M, g) be a locally indecomposable Lorentzian manifold of dimension n+ 2. Suppose that
(M, g) admits a parallel distribution of isotropic lines. The tangent space to (M, g) at any point
can be identified with the Minkowski space R1,n+1. We fix a basis p, e1, ..., en, q of R
1,n+1 such
that the only non-zero values of the metric are g(p, q) = g(q, p) = 1 and g(ei, ei) = 1. We will
denote by Rn ⊂ R1,n+1 the Euclidean subspace spanned by the vectors e1, ..., en. Suppose that
Rp corresponds to the parallel distribution of isotropic lines. Denote by sim(n) the subalgebra
of so(1, n + 1) that preserves the isotropic line Rp. The Lie algebra sim(n) can be identified
with the following matrix algebra:
sim(n) =

 a X t 00 A −X
0 0 −a
∣∣∣∣∣∣ a ∈ R, A ∈ so(n), X ∈ Rn
 .
The above matrix can be identified with the triple (a, A,X). We get the decomposition
sim(n) = (R⊕ so(n))⋉Rn,
which means that R ⊕ so(n) ⊂ sim(n) is a subalgebra and Rn ⊂ sim(n) is an ideal, and the
Lie brackets of R⊕ so(n) with Rn are given by the standard representation of R⊕ so(n) in Rn.
The holonomy algebra g of (M, g) is contained in sim(n). Any subalgebra h ⊂ so(n) can be
decomposed into the direct sum h = h′ ⊕ z(h), where h′ = [h, h] and z(h) is the center of h.
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Theorem 4 A subalgebra g ⊂ sim(n) is the holonomy algebra of a locally indecomposable
Lorentzian manifold if and only if it is conjugated to one of the following subalgebras:
type 1. g1,h = (R ⊕ h) ⋉ Rn, where h ⊂ so(n) is the holonomy algebra of a Riemannian
manifold;
type 2. g2,h = h⋉ Rn, where h ⊂ so(n) is the holonomy algebra of a Riemannian manifold;
type 3. g3,h,ϕ = {(ϕ(A), A, 0)|A ∈ h} ⋉ Rn, where h ⊂ so(n) is the holonomy algebra of a
Riemannian manifold with z(h) 6= {0}, and ϕ : h → R is a non-zero linear map with
ϕ|h′ = 0;
type 4. g4,h,m,ψ = {(0, A,X + ψ(A))|A ∈ h, X ∈ Rm}, where 0 < m < n is an integer,
h ⊂ so(m) is the holonomy algebra of a Riemannian manifold with dim z(h) ≥ n − m,
and ψ : h→ Rn−m is a surjective linear map with ψ|h′ = 0.
Recall that for the subalgebra h ⊂ so(n) there is an orthogonal decomposition
Rn = Rn1 ⊕ · · · ⊕ Rns ⊕ Rns+1
and the corresponding decomposition into the direct sum of ideals
h = h1 ⊕ · · · ⊕ hs ⊕ {0} (5)
such that h annihilates Rns+1 , hi(R
nj) = 0 for i 6= j, and hi ⊂ so(ni) is an irreducible subalgebra
for 1 ≤ i ≤ s. Moreover, the subalgebras hi ⊂ so(ni) are the holonomy algebras of Riemannian
manifolds.
In [4, 5] it is proved that (M, g) admits a non-zero parallel spinor field if and only if g = g2,h =
h ⋉ Rn and in the decomposition (5) of h ⊂ so(n) each subalgebra hi ⊂ so(ni) coincides with
one of the Lie algebras su(ni
2
), sp(ni
4
), G2 ⊂ so(7), spin(7) ⊂ so(8).
Theorem 5 Let (M, g) be a simply connected locally indecomposable (n+2)-dimensional Lorentzian
spin manifold. Then its spinor bundle S admits a parallel 1-dimensional complex subbundle if
and only if (M, g) admits a parallel distribution of isotropic lines (i.e. its holonomy algebra g is
contained in sim(n)), and in the decomposition (5) of h = prso(n)g each subalgebra hi ⊂ so(ni)
coincides with one of the Lie algebras u(ni
2
), su(ni
2
), sp(ni
4
), G2, spin(7), or with the holonomy al-
gebra of an indecomposable Ka¨hlerian symmetric space. The number of parallel 1-dimensional
complex subbundles of S equals to the number of 1-dimensional complex subspaces of ∆n pre-
served by h.
Proof. It is enough to find for each Lie algebra g from Theorem 4 all 1-dimensional complex
invariant submodules of ∆1,n+1.
Under the identification so(1, n+ 1) ≃ Λ2R1,n+1, an element (a, A,X) ∈ sim(n) corresponds to
the bivector
−ap ∧ q + A− p ∧X.
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Recall that
∆1,n+1 ≃ ∆n ⊗∆1,1, ∆1,1 ≃ C2.
Consider the vectors e− =
√
2
2
(p−q) and e+ =
√
2
2
(p+q) and the orthonormal basis e−, e+, e1, ..., en
of R1,n+1. Note that p =
√
2
2
(e− + e+) and q =
√
2
2
(e− − e+).
Let us find all complex 1-dimensional p ∧ Rn-invariant submodules of ∆1,n+1. Let w ∈ ∆1,n+1
be a spinor such that (p ∧ ei) · w = ciw, ci ∈ C, for all i = 1, ..., n. We may write
w = w+ ⊗ u(1) + w− ⊗ u(−1),
where w± ∈ ∆n. Using (2), (3) and the computations from [4, 5] it is easy to get that
(ei ∧ p) · w =
√
2
2
ei · (e− + e+) · w =
√
2(ei · w−)⊗ u(1).
Hence the equalities (p ∧ ei) · w = ciw imply ci = 0, ei · w− = 0. Since the vectors ei act in
∆n as isomorphisms, we get w− = 0. Thus, w = w+ ⊗ u(1), and all complex 1-dimensional
p ∧ Rn-invariant submodules of ∆1,n+1 are contained in ∆n ⊗ u(1). Moreover, this is a trivial
p ∧ Rn-module. The same statement holds for p ∧ Rm in the case of the Lie algebra g4,h,m,ψ.
Next,
(p ∧ q) · (w+ ⊗ u(1)) = 2w+ ⊗ u(1), A(w+ ⊗ u(1)) = A(w+)⊗ u(1)
for all w+ ∈ ∆n and A ∈ so(n). This shows that all g-invariant 1-dimensional subspaces of
∆1,n+1 are of the form l ⊗ u(1), where l ⊂ ∆n is an h-invariant 1-dimensional subspace. The
theorem is true. 
Examples of analytical Lorentzian manifolds with each possible holonomy algebra, in particular,
with the holonomy algebras as in Theorem 5 can be obtained using the construction from [14].
Let us consider one example. Let (M, g) be a simply connected Lorentzian spin manifold
with the holonomy algebra g = (R ⊕ h) ⋉ Rn, where h ⊂ so(n) is the holonomy algebra of a
Riemannian manifold carrying a non-zero parallel spinor field. By Theorem 5, on (M, g) locally
exists a recurrent spinor field s (restricting the consideration to a local subset of (M, g) with
the same holonomy algebra, we may assume that s is defined globally). By the assumption
on h and by the proof of Theorem 5, the corresponding 1-form θ must be real-valued. By the
fact that the manifolds with the holonomy algebra g do not admit any non-zero parallel vector
field, and by (4), dθ 6= 0. This shows that the statement of Theorem 1 from [2] mentioned in
Introduction does not hold for Lorentzian manifolds.
5 Pseudo-Riemannian manifolds with irreducible holon-
omy algebras
Theorem 6 Let (M, g) be a simply connected pseudo-Riemannian spin manifold of signature
(r, s) with an irreducible holonomy algebra h ⊂ so(r, s). Then its spinor bundle S admits a
parallel 1-dimensional complex subbundle if and only if either the holonomy algebra h is one
of u( r
2
, s
2
), su( r
2
, s
2
), sp( r
4
, s
2
), G2 ⊂ so(7), G∗2(2) ⊂ so(3, 4), GC2 ⊂ so(7, 7), spin(7) ⊂ so(8),
spin(3, 4) ⊂ so(4, 4), spin(7,C) ⊂ so(8, 8), or (M, g) is a locally symmetric pseudo-Ka¨hlerian
manifold.
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Proof. Recall that irreducible holonomy algebras of simply connected pseudo-Riemannian
manifolds (M, g) admitting non-zero parallel spinor fields are exhausted by su( r
2
, s
2
), sp( r
4
, s
2
),
G2 ⊂ so(7), G∗2(2) ⊂ so(3, 4), GC2 ⊂ so(7, 7), spin(7) ⊂ so(8), spin(3, 4) ⊂ so(4, 4), spin(7,C) ⊂
so(8, 8) [6]. From [15] it follows that manifolds with each of these holonomy algebras are
Ricci-flat.
Suppose that (M, g) is not Ricci-flat and its spinor bundle S admits a parallel 1-dimensional
complex subbundle l. Let s be a local section of l defined at a point y ∈ M . Equation (1)
easily implies
RSy (X, Y )sy = (dθ)y(X, Y )sy (6)
for all X, Y ∈ TyM . Here RS is the curvature tensor of the connection ∇S. This equation shows
that RSy (X, Y ) acts on ly as a multiplications by complex numbers. This and the Ambrose-
Singer Theorem imply that the holonomy algebra hx, x ∈ M , of the manifold (M, g) acts on
lx by multiplications by complex numbers and this action is non-trivial. Since h ⊂ so(r, s)
is irreducible, it is a reductive Lie algebra. We get that h contains a commutative ideal. By
the Schur Lemma, this ideal is generated a the complex structure J ∈ u( r
2
, s
2
). Consequently,
h ⊂ u( r
2
, s
2
). Since su( r
2
, s
2
) annihilates two 1-dimensional complex subspaces in ∆r,s [6], u(
r
2
, s
2
)
preserves these subspaces. Consequently the spinor bundle of each pseudo-Ka¨hlerian manifold
admits at least two parallel 1-dimensional complex subbundles. 
Corollary 3 Let (M, g) be a simply connected pseudo-Riemannian spin manifold with irre-
ducible holonomy algebra and without non-zero parallel spinor fields. Then the spinor bundle S
admits a parallel 1-dimensional complex subbundle if and only if (M, g) is a pseudo-Ka¨hlerian
manifold and it is not Ricci-flat.
Theorem 7 Let (M, g) be a simply connected not Ricci-flat pseudo-Ka¨hlerian spin manifold
with an irreducible holonomy algebra. Then its spinor bundle S admits exactly two parallel
1-dimensional complex subbundles.
Proof. Let (M, g) be a simply connected not Ricci-flat pseudo-Riemannian spin manifold
with an irreducible holonomy algebra. Suppose that the spinor bundle S admits a parallel
1-dimensional complex subbundle l. Let s be a local non-vanishing section of l, then s is a
recurrent spinor field. In the proof of Theorem 6 we have seen that h contains a 1-dimensional
commutative ideal generated by the complex structure J ∈ u( r
2
, s
2
) and in Equality (6) Rx(X, Y )
acts on sx as its projection on RJ ⊂ hx. Consequently Equality (6) implies that (dθ(X, Y ))2 =
−a(X, Y )2, a(X, Y ) ∈ R, that is dθ = ıω for a real-valued 2-form ω on M .
Now we follow the ideas form [8] and [9]. The computations similar to [8, Lem. 3.1] and [2,
Th. 2] show the equality
Ric(X) · s = i(Xyω) · s (7)
for all vector fields X . Here Ric is the Ricci operator. Consider the distributions T and E
defined in the following way:
Tx = {X ∈ TxM |X · sx = 0},
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Ex = {X ∈ TxM |∃Y ∈ TxM, X · sx = iY · sx}.
Since we may choose s in a neighborhood of each point and any two such spinor fields are
proportional on the intersections of the domains of their definitions, the distributions T and
E are defined globally on M . We claim that the both distributions are parallel. Suppose that
X ∈ Γ(T ), then for any local vector field Z it holds
(∇ZX) · s = ∇SZ(X · s)−X · (∇SZs) = 0−X · (θ(Z)s) = −θ(Z)(X · s) = 0,
i.e. T is parallel. Let X ∈ Γ(E), then locally there exist vector field Y such that X · s = iY · s.
For any local vector field Z it holds
(∇ZX)·s = ∇SZ(X·s)−X·(∇SZs) = ∇SZ(iY ·s)−X·(θ(Z)s) = i(∇ZY+θ(Z)Y−θ(Z)Y )·s = i(∇ZY )·s,
i.e. E is parallel. Since Ric 6= 0 and w = idθ 6= 0, (7) shows that T 6= TM and E 6= 0. Since the
holonomy algebra of (M, g) is irreducible, T = 0 and E = TM . Thus for any local vector field
X there exists a unique vector field Y such that X · s = iY · s. This defines an endomorphism
I of the tangent bundle such that
X · s = iI(X) · s. (8)
Consequently,
X · s = iI(X) · s = −I2(X) · s, (X + I2(X)) · s = 0.
Since T = 0, it holds I2(X) = −X , i.e. I is an almost complex structure on M . Now we show
that I is g-orthogonal. It holds
2g(I(X), I(Y ))s = I(X) · I(Y ) · s+ I(Y ) · I(X) · s = −i(I(X) · Y · s+ I(Y ) ·X · s)
= −i(2g(I(X), Y )s− Y · I(X) · s+ 2g(X, I(Y ))s−X · I(Y ) · s)
= X · Y · s+ Y ·X · s− 2i(g(I(X), Y ) + g(X, I(Y )))s
= 2g(X, Y )s− 2i(g(I(X), Y ) + g(X, I(Y )))s.
This implies, in particular, g(I(X), I(Y )) = g(X, Y ). Next we claim that I is parallel. Indeed,
(8) implies for all vector fields X and Y the following:
∇YX · s+X · θ(Y ) · s = i∇Y (IX) · s+ iI(X) · θ(Y ) · s.
Hence,
θ(Y )X · s = i∇Y (IX) · s.
Using this and (8) applied to ∇YX , we get
0 = i(∇Y (IX)− I(∇YX)) · s.
This shows that ∇Y (IX) − I(∇YX) ∈ Γ(T ). Hence, ∇Y (IX) − I(∇YX) = 0, i.e. ∇I = 0.
Thus, s defines a Ka¨hler structure I. Note that this gives another proof of Theorem 6.
Suppose that we have two recurrent spinor fields s and s1. These fields define two Ka¨hler
structures I and I1 satisfying (8) for s and s1, respectively. Since I and I1 are parallel, their
values Ix and I1x at a point x ∈ M commute with the holonomy algebra hx ⊂ so(TxM, gx) ≃
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so(r, s). Since hx ⊂ so(TxM, gx) is irreducible, by the Schur Lemma, the centralizer of hx in
so(TxM, gx) is isomorphic ether to iR, or to sp(1). In the last case, hx must be contained
in sp( r
4
, s
4
). This gives a contradiction, since the manifolds with such holonomy algebra are
Ricci-flat. We conclude that Ix = αI1x for some α ∈ R. Since I2x = I21x = −id, α = ±1. Since
the both tensor fields I and I1 are parallel, I = αI1.
Suppose that I = I1. Let Ω be the pseudo-Ka¨hlerian form corresponding to I. Let e1, ..., em, Ie1, ..., Iem
(r+ s = n = 2m) be a local orthonormal basis of Γ(TM), i.e. g(ei, ei) = g(Iei, Iei) = ki, where
ki = −1 for i = 1, ..., r2 , and ki = 1 for i = r2 + 1, ..., m. Let e1, ..., em, (Ie)1, ..., (Ie)m be the
dual basis of Γ(TM). Then
Ω = −
m∑
i=1
ki(Ie)
i ∧ ei.
Using this and (8), we get
Ω · s = −
m∑
i=1
ki(Iei) · ei · s = −i
m∑
i=1
ki(Iei) · (Iei) · s = −ims.
Similarly, Ω · s1 = −ims1. Recall that the spinor bundle S of a pseudo-Ka¨hlerian manifold
admits the decomposition
S =
m∑
k=0
Sk, (Sk)x ≃ ΛkCm,
where Sk is the eigenspace corresponding to the eigenvalue (m − 2k)i of the operator of the
Clifford multiplication by the form Ω. We get that s, s1 ∈ S0. Since S0 is of rank 1, s and s1
are proportional and they belong to the same 1-dimensional parallel subbundle of S. Above we
have seen that S admits at least two parallel 1-dimensional complex subbundles. We see now
that it admits exactly two subbundles and the second one corresponds to the Ka¨hler structure
−I (and coincides with Sm that has dimension 1). 
6 Pseudo-Riemannian manifolds of neutral signature
Theorem 8 Let (M, g) be a simply connected pseudo-Riemannian spin manifolds of neutral
signature (n, n) admitting two complementary parallel isotropic distributions. Then the spinor
bundle S of (M, g) admits a parallel 1-dimensional complex subbundle.
Proof. The tangent space of such manifold can be identified with the space Rn,n and it admits
the decomposition Rn,n = W ⊕W1, where W,W1 ⊂ Rn,n are isotropic. The holonomy algebra
of such manifold is of the form
h˜ =
{
A =
(
B 0
0 −BT
)∣∣∣∣B ∈ h}
for a subalgebra h ⊂ gl(n,R), which is the restriction of h˜ to W . In [7] it is shown that h˜
annihilates an element in ∆n,n if and only if h ⊂ sl(n,R). It is also proved that the above
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element A ∈ h˜ acts in ∆n,n as
1
2
n ·+1
4
n∑
i=1
(e∗i · A(ei)− A(e∗i ) · ei)·,
where e1, ..., en and e
∗
1, ..., e
∗
n are bases of W and W1, respectively, such that g(ei, e
∗
j) = δij .
Hence A0 =
(
E 0
0 −E
)
acts in ∆n,n as the multiplication by n. Since the Lie algebra ˜sl(n,R)
annihilates some non-zero elements of ∆n,n, the Lie algebra ˜gl(n,R) = ˜sl(n,R)⊕RA0 preserves
the corresponding lines in ∆n,n. This proves the theorem. 
7 Relation to parallel spinor fields of spinC bundles
Let (M, g) be a simply connected pseudo-Riemannian spin manifold with the holonomy algebra
h ⊂ so(p, q) and with the spin bundle S. Let SC be the spinC bundle on (M, g) given by
a complex line bundle L over (M, g) with a connection 1-form iA and with the holonomy
algebra hL ⊂ iR. The holonomy algebra ĥ of the induced connection on SC is contained in
λ∗(h)⊕ iR ⊂ spin(p, q)⊕ iR. In [9] it is proved that the existence of a non-zero parallel spinor
field in SC is equivalent to the existence of a spinor v ∈ ∆p,q such that ξ · v = itv for all
(ξ, it) ∈ ĥ. Hence, the existence of a parallel spinor field in SC implies the existence of a
parallel 1-dimensional complex subbundle of S. In general the converse statement is not true.
For example, in the Lorentzian case the existence of a spinor field in SC implies the existence
of a parallel vector field on (M, g) [10], while we have seen above that there exist Lorentzian
manifolds admitting recurrent spinor fields and no non-zero parallel vector fields.
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